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The diffusion coefficients of heavy quarks from the coherent color electromagnetic fields which
are generated in the early stage of relativistic heavy-ion collisions are calculated at midrapidity,
and compared with those obtained from collisions within a thermalized quark-gluon plasma. The
coherent color fields are modeled such that they are initially longitudinal and then become isotropic.
We found that the diffusion coefficients from the coherent color fields are larger than those from
collisions except for very fast heavy quarks, and the color fields are less effective for heavy-quark
energy loss. The importance of coherent color fields for heavy-quark diffusion decreases as energy
density decreases.
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I. INTRODUCTION
The color glass condensate (CGC) is one of the promis-
ing models meant to describe the initial state of relativis-
tic heavy-ion collisions. The model is so named, because
the nuclei participating in ultra-relativistic heavy-ion col-
lisions are composed of color fields which slowly evolve
with time and are highly occupied.
As the nucleus energy increases, the number of gluons
in the nucleus rapidly increases while the cross section
for the nucleus scattering slowly increases. This implies
that the gluon fields in the nucleus are highly occupied
at high energy, and should be saturated by nonlinear in-
teractions. Due to the high density, the distance between
gluons is so short that the strong coupling strength is in
fact small. However, the gluon interactions are coher-
ent and become strong as the gravitational interactions
do [1].
In extremely high energy collisions, the nucleus is like
an infinitely thin sheet of color glass. Partons with
large energy fractions in the nucleus play the role of
color sources, and those with small energy fractions are
described as the classical color fields generated by the
sources. The color sources are distributed on the color
sheet with the transverse size of the order of the inverse
saturation momentum, and the color electromagnetic
fields have only transverse components before heavy-ion
collision.
Rapidity dependence ignored, one can numerically cal-
culate color fields in space-time by solving the classical
Yang-Mills equations. At the contact time of two color
sheets, longitudinal color electromagnetic fields are in-
stantaneously generated in forward light cone, and then
transverse color electromagnetic fields grow till they are
comparable to the longitudinal ones [2, 3]. One can-
not reach isotropic color electromagnetic fields only by
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solving the classical Yang-Mills equations, and quantum
corrections seem to be needed [4]. The nuclear matter
between the two color glasses before the formation of an
isotropic quark-gluon plasma (QGP) is called the glasma.
Heavy flavor is one of the important probes in search
of the properties of the hot dense nuclear matter created
in relativistic heavy-ion collisions. It has been found that
the nuclear modification factor and elliptic flow of heavy
flavors are not small in relativistic heavy-ion collisions,
which indicates strong interactions of heavy flavors with
the hot dense nuclear matter [5–8]. There are numerous
theoretical studies to explain experimental data, where
heavy flavor interacts with nuclear matter through colli-
sion and gluon radiation [9–29].
In the CGC picture, relativistic heavy-ion collision gen-
erates strong coherent color fields between two receding
heavy nuclei. Since heavy flavor is early produced, it
will interact with the strong color fields. The production
time of heavy quark pair is at most 1/(2mQ) with mQ
being the heavy quark mass. Considering the masses of
charm and bottom quarks being respectively about 1.5
and 5.0 GeV, the production times are less than 0.07 and
0.02 fm/c. They are smaller than the typical time scale
during which the CGC model should be valid, especially
for the bottom quark. The heavy quark interactions with
the strong coherent color fields take place mainly before
initial thermalization while collisions or gluon radiations
of heavy quarks in QGP, which have been widely stud-
ied, take place after that. Since the coherent color fields
have a random color and a random direction, the heavy
quarks traveling through these fields will diffuse as in a
thermalized QGP.
In this study, we calculate the diffusion coefficients of
a heavy quark from coherent color fields in relativistic
heavy-ion collisions and compare them with those ob-
tained from collisions within a thermalized QGP.
This paper is organized as follows: The diffusion co-
efficients of heavy flavor induced by color fields are cal-
culated in Sec. II, and they are computed for realistic
relativistic heavy-ion collisions in Sec. III. In Sec. IV,
these diffusion coefficients are then compared with those
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2obtained from collisions within a thermalized QGP, and
a summary is given in Sec. V.
II. DIFFUSION COEFFICIENTS IN COLOR
FIELDS
Let us start with the nonrelativistic Langevin equa-
tions expressed as [10]
dpL
dt
= −ηD(p)p+ ξL,
dpT
dt
= ξT , (1)
where pL and pT are, respectively, the longitudinal and
transverse momenta of a particle, ηD a momentum drag
coefficient, and ξL and ξT random momentum kicks in
the longitudinal and transverse directions which satisfy
〈ξiL(t)ξjL(t′)〉 = κL(p)pˆipˆjδ(t− t′),
〈ξiT (t)ξjT (t′)〉 = κT (p)(δij − pˆipˆj)δ(t− t′),
〈ξiT (t)ξjL(t′)〉 = 0, (2)
where 〈. . .〉 represents ensemble average, κL(p) and κT (p)
are the mean-squared longitudinal and transverse mo-
mentum transfers per unit time, and pˆ is the unit vector
of the particle three-momentum. δ(t− t′) in Eq. (2) im-
plies that the random forces at two different times are
completely uncorrelated. However, it is not true in re-
ality, because any force acting on a particle cannot be
as sharp as a delta function. One may use a normal-
ized gaussian function with a finite width instead of a
delta function. This is the strategy we will adopt in the
following. Integrating Eq. (2) over t′ leads to
κL(p) = 2pˆipˆjDij ,
κT (p) = (δij − pˆipˆj)Dij , (3)
where Dij is a diffusion tensor defined as [31]
Dij = 12
∫ ∞
−∞
dt′〈ξi(t′)ξj(t)〉 =
∫ t
−∞
dt′〈ξi(t′)ξj(t)〉, (4)
where ξi = ξiL + ξiT and we have assumed that the corre-
lator is a function of |t − t′|, an assumption that makes
sense for a thermal bath at constant temperature. We
note that the random forces in Eq. (4) do not need the
subscript L or T by virtue of the tensor structures in
Eq. (3).
Fig. 1 shows schematic cartoons for a heavy quark scat-
tering with initial coherent color fields and within a ther-
malized QGP in relativistic heavy-ion collisions. Since
the initial coherent fields have a random color and a ran-
dom leftward or rightward direction, with a typical trans-
verse size of the order of the inverse saturation momen-
tum, a heavy quark interaction with the fields is similar
(a)
(b)
FIG. 1: (Color online) Schematic figures for a heavy quark
scattering with initial coherent color fields (a) and within a
thermalized QGP (b) in relativistic heavy-ion collisions.
with random scatterings in a thermalized QGP. There-
fore, the random force in Eq. (4) can be substituted by
the color Lorentz force, F = gsQa(Ea + v × Ba) where
gs, Qa and v are respectively the strong coupling con-
stant, the charge of color a, and the velocity of a parton
in the color electric and magnetic fields, Ea and Ba. The
correlation of the color Lorentz force is then expressed as
〈Fi(x′)Fj(x)〉 = g2s
C2δ
ab
N2c − 1
[
〈Eai (x′)Ebj (x)〉
+εiklεjmnvkvm〈Bal (x′)Bbn(x)〉
]
, (5)
where Nc is the number of colors, C2 = 1/2 for quark
and C2 = Nc for gluon from QaQb = C2δab/(N2c − 1),
εikl and εjmn are the usual Levi-Civita antisymmetric
tensors, and 〈EiBj〉 = 〈BiEj〉 = 0 is assumed [30, 32].
Identifying the color Lorentz force with the medium kicks
in Eq. (4) leads to the following expressions for κL and
3κT
κL =
2g2sC2
N2c − 1
∫ t
−∞
dt′
〈
EaL(x′)EaL(x)
〉
,
κT =
g2sC2
N2c − 1
∫ t
−∞
dt′
[〈
~Ea(x′) · ~Ea(x)
〉
−
〈
EaL(x′)EaL(x)
〉
+
〈
~v(x′) · ~v(x) ~Ba(x′) · ~Ba(x)
〉
−
〈
~v · ~Ba(x′)~v · ~Ba(x)
〉]
, (6)
where EL ≡ pˆ · ~Ea is defined as the longitudinal color
electric field. As mentioned below Eq. (2), random forces
are spread with finite widths in space-time. Therefore,
we introduce a Gaussian form for the correlation of color
electromagnetic fields at two different space-time:
〈Eai (x′)Eaj (x)〉 = δij〈Eai Eai 〉(x) exp
[
−
∑
µ
(xµ − x′µ)2
2σ2µ
]
,
〈Bai (x′)Baj (x)〉 = δij〈Bai Bai 〉(x) exp
[
−
∑
µ
(xµ − x′µ)2
2σ2µ
]
,(7)
where σµ is the correlation length of color electromag-
netic fields in µ direction.
Since we study a heavy quark in coherent color fields,
C2 = 1/2, and the velocity does not change much:
~v(x′) ≈ ~v(x) ≡ ~v. Substituting Eq. (7) into Eq. (6),
κL and κT are simplified into
κL =
g2sτm
N2c − 1
〈(EaL)2〉,
κT =
g2sτm
2(N2c − 1)
〈(EaT )2 + v2(BaT )2〉, (8)
where ET and BT are respectively the transverse color
electric and magnetic fields, and τm is the memory time
of the color electromagnetic field defined as
τm ≡
∫ t
−∞
dt′ exp
[
−
∑
µ
(xµ − x′µ)2
2σ2µ
]
=
∫ t
−∞
dt′ exp
[
− (t− t
′)2
2σ20
−
∑
i=1,2,3
v2i (t− t′)2
2σ2i
]
. (9)
It is interesting to notice that since magnetic fields induce
only transverse force, they do not contribute to κL in
Eq. (8).
For a mid-rapidity heavy quark in relativistic heavy-
ion collisions, the memory time is given by
τm =
1
2
∫ ∞
−∞
dt′ exp
[
− (t− t
′)2
2
{
1
σ20
+ v
2
T
σ2T
} ]
=
√
pi
2
[
1
σ20
+ v
2
T
σ2T
]−1/2
, (10)
where vT and σT are, respectively, the transverse velocity
of a heavy quark and the transverse correlation length
of color electromagnetic fields. In the CGC, the latter
is approximately the inverse of saturation momentum,
σT ' 1/Qs [1], which is around 0.1∼0.2 fm at the Rela-
tivistic Heavy Ion Collider (RHIC) and the Large Hadron
Collider (LHC) energies [33]. Assuming boost invariance,
σ0 is roughly the lifetime of coherent color fields and ex-
pected to be larger than σT . For a fast heavy quark
(vT  σT /σ0), the memory time approximates to
τm '
√
pi
2 (QsvT )
−1, (11)
and for a slow heavy quark (vT  σT /σ0),
τm '
√
pi
2 σ0. (12)
From the Fixed-Order Next-to-Leading Logarithm
(FONLL) calculations [34], the average transverse mo-
menta of mid-rapidity charm quarks are respectively 1.5
GeV and 2.4 GeV in p+p collisions at √sNN = 200 GeV
and 2.76 TeV, which correspond to vT =0.7 and 0.85.
For mid-rapidity bottom quarks, the average transverse
velocities are respectively 0.58 and 0.7. Therefore, we
take the approximation of Eq. (11) in this study.
III. APPLICATION TO RELATIVISTIC
HEAVY-ION COLLISIONS
The CGC model introduces a separation scale x0: the
partons which have larger energy fractions than x0 are
treated as static color sources while those with smaller
energy fractions as classical color fields generated by
the sources. The color sources are located near the
color sheets, which are the Lorentz-contracted nuclei,
with a transverse size of the order of the inverse satu-
ration momentum. After two color sheets pass through
each other in relativistic heavy-ion collisions, the classical
color fields are calculated in forward light cone by numer-
ically solving the classical Yang-Mills equations, satisfy-
ing the boundary conditions given by color sources on the
light cone [2, 3]. The numerical calculations assume boost
invariance, which means that the physics does not depend
on η ∼ ln[(t+ z)/(t− z)]. Though it seems similar to the
capacitor problem in electrodynamics, color sources are
randomly distributed on the sheet with a characteristic
transverse size, and nonabelian gauge equations are to be
solved. The results show that longitudinal color electric
and magnetic fields are instantaneously generated at the
contact time of two color sheets, and then they diminish
with time. On the other hand, transverse color electric
and magnetic fields, which are initially absent in forward
light cone, grow with time till they are comparable to
longitudinal ones in strength [2, 3]. In other words, the
4initial color electromagnetic fields are given by
(Eaz )2 ' (Baz )2 6= 0,
Eax,y = Bax,y = 0, (13)
and the asymptotic final ones by
(Eaz )2 ' (Eax)2 + (Eay )2,
(Baz )2 ' (Bax)2 + (Bay )2, (14)
and more details can be found in Appendix B. From the
energy-momentum tensor of pure gauge Quantum Chro-
modynamics (QCD) Lagrangian,
Tµν =
1
4gµνF
αβaF aαβ − gαβF aµαF aνβ , (15)
energy density and pressure are, respectively, given by
ε = T00 =
1
2
{
(Ea)2 + (Ba)2
}
,
pi = Tii = ε− Ea2i −Ba2i , (16)
where i = 1 ∼ 3,Eai = F a0i and Bai = −(1/2)ijkF ajk.
Substituting Eq. (13) and (14) into Eq. (16), initial pres-
sures are given by
px = py = ε, pz = −ε, (17)
and final ones by
px = py = ε/2, pz = 0. (18)
Since the initial color fields are expected to eventually
turn into isotropic gluon gas, it seems that the classi-
cal Yang-Mills equations are not sufficient, and quan-
tum corrections are needed in order for the complete
time-evolution of initial gluonic matter to show signs of
isotropization [4].
In order to deal with the anisotropic pressure, we in-
troduce a parameter defined by ζ ≡ pz/px ' pz/py. The
squared color electric fields are then expressed as
(Eax)2 + (Eay )2 =
ζ + 1
ζ + 2(E
a)2,
(Eaz )2 =
1
ζ + 2(E
a)2, (19)
and same for color magnetic fields. We note that ζ = −1
at the contact time of two color sheets, and ζ should
evolve towards +1, which corresponds to isotropic color
fields. In practice, ζ converges towards 0 (free-streaming)
for the late time behavior of classical Yang-Mills evolu-
tion with classical initial conditions.
From Eq. (19), the longitudinal and transverse com-
ponents of color electromagnetic fields for a mid-rapidity
heavy quark which moves in transverse (x, y) direction
are respectively given by
〈(EaL)2〉 =
ζ + 1
2(ζ + 2) 〈(E
a)2〉,
〈(EaT )2〉 =
ζ + 3
2(ζ + 2) 〈(E
a)2〉, (20)
and the same equations for color magnetic fields. Sub-
stituting Eq. (11) and (20) into Eq. (8),
κL =
√
2pi3/2αs
(N2c − 1)Qs
ζ + 1
ζ + 2
〈
(Ea)2
v
〉
,
κT =
pi3/2αs√
2(N2c − 1)Qs
ζ + 3
ζ + 2
〈
(Ea)2
v
+ v(Ba)2
〉
,(21)
where αs = g2s/(4pi). From the relation (Ea)2 = (Ba)2 =
ε derived in appendix A, Eq. (21) is finally expressed in
term of the energy density as:
κL =
√
2pi3/2αsε
(N2c − 1)Qs
ζ + 1
ζ + 2v
−1,
κT =
pi3/2αsε√
2(N2c − 1)Qs
ζ + 3
ζ + 2
(
1
v
+ v
)
. (22)
It seems that Eq. (22) diverges for a static heavy quark.
In this case, however, one should use Eq. (12) for memory
time instead of Eq. (11).
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FIG. 2: (Color online) κL (filled) and κT (open) of a mid-
rapidity heavy quark from the initial (blue) and isotropic (red)
coherent color fields, which correspond to ζ = −1 and ζ = +1
respectively. Energy density, the saturation momentum, and
αs are, respectively, taken to be 30 GeV/fm3, 1.5 GeV, and
0.3.
Fig. 2 shows κL and κT of a mid-rapidity heavy quark
from initial and isotropic coherent color fields. The en-
ergy density, the saturation momentum, and αs are re-
spectively taken to be 30 GeV/fm3, 1.5 GeV, and 0.3.
Since the initial color electromagnetic fields (ζ = −1)
5generate only non-zero z-component of the Lorentz force,
κL vanishes identically, while κT is largest. As ζ in-
creases, κL increases while κT decreases. In isotropic
color fields (ζ = +1), κT is still larger than κL though,
as κT receives an additional contribution from color mag-
netic fields, as seen in Eq. (22).
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FIG. 3: (Color online) pressure anisotropy ζ as a function
of Qsτ from the lattice calculations of classical Yang-Mills
equations [4] and from a parametrization.
Fig. 3 shows the pressure anisotropy ζ from the lattice
calculations of classical Yang-Mills equations [4]. Com-
putations were performed on a 5122 lattice with the
transverse lattice spacing being fixed to aT = 1. As men-
tioned before, ζ from the classical Yang-Mills equations
starts from -1 and saturates around 0. Assuming that
complete solutions beyond those of classical Yang-Mills
equations lead to ζ = +1 at large Qsτ , we parameterize
ζ(τ) = −1 + 2 tanh[0.45(Qsτ)1.3], (23)
which is shown as a blue line in Fig. 3. The parameterized
function reproduces lattice results up to Qsτ ' 1.2 and
converses to ζ = +1.
The time-evolution of the energy density is obtained
by using Bjorken’s law
∂ε
∂τ
= −ε+ pL
τ
= −2(ζ + 1)
ζ + 2
ε
τ
(24)
whose solution is
ε(τ) ∼ τ− 2(ζ+1)ζ+2 . (25)
We note that the energy density is initially constant
(ζ = −1), then decreases like free streaming (ζ = 0) and
finally isentropically (ζ = +1).
Fig. 4 shows the energy densities as a function of τ
in central heavy-ion collisions at RHIC and LHC where
Qs are taken to be respectively 1 and 2 GeV. Initial en-
ergy densities ε(τ = 0) are rescaled to meet the initial
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FIG. 4: (Color online) energy densities as a function of τ in
central heavy-ion collisions at RHIC and LHC where Qs are
respectively 1 and 2 GeV.
conditions of hydrodynamic simulations around τ = 0.5
fm/c [35].
Then the diffusion coefficients of a heavy quark in rel-
ativistic heavy-ion collisions are given from Eq. (6) by
κL(τ, v) =
2piαs
N2c − 1
∫ τ
τ0
dτ ′ε(τ ′)ζ(τ
′) + 1
ζ(τ ′) + 2
× exp
[
− v
2Q2s
2 (τ − τ
′)2
]
, (26)
κT (τ, v) =
piαs
N2c − 1
∫ τ
τ0
dτ ′ε(τ ′)ζ(τ
′) + 3
ζ(τ ′) + 2
×(1 + v2) exp
[
− v
2Q2s
2 (τ − τ
′)2
]
. (27)
where the heavy quark production time τ0 = 1/(2MT )
with MT being the transverse mass of heavy quark.
Fig. 5 shows κL and κT of a mid-rapidity heavy quark
as a function of the heavy-quark velocity at τ = 0.5 fm/c
in central Au+Au collisions at √sNN =200 GeV. Qs and
αs are respectively taken to be 1 GeV and 0.3. We can
see that the κT of bottom quark is larger than that of
charm quark due to the smaller production time τ0 of
bottom quark in Eq. (27). Since the production times of
both charm and bottom quarks become short for large
velocity, the difference of κT decreases with increasing
heavy quark velocity. On the other hand, the κL of bot-
tom quark is similar to that of charm quark regardless
of velocity, because κL is very small near the production
time of heavy quark (ζ ≈ −1).
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FIG. 5: (Color online) κL (filled) and κT (open) of a mid-
rapidity charm (triangle) and bottom (square) quarks as a
function of heavy-quark velocity at τ = 0.5 fm/c in central
Au+Au collisions at √sNN =200 GeV. Qs and αs are respec-
tively taken to be 1 GeV and 0.3.
IV. COMPARISON WITH THE DIFFUSION
COEFFICIENTS INDUCED BY COLLISIONS
As the system expands, the initial color fields become
more and more dilute, and they can start to be described
by individual quanta, that is, gluons. In this section, we
compare κL and κT of heavy quarks from coherent color
fields with those induced by collisions within a thermal-
ized quark-gluon plasma (QGP) at the same energy den-
sity.
Since the initial nuclear matter in relativistic heavy-
ion collisions is highly occupied, the interspace between
color quanta is short and perturbative QCD (pQCD) is
applicable. To the leading order in pQCD, κL and κT of
heavy quark from collision read as followings [10]:
κL =
4piCHα2sT 3
3
(
1
v2
− 1− v
2
2v3 ln
1 + v
1− v
)
×
{
Nc[ln(T/mD) + Cb(v)] +
Nf
2 [ln(T/mD) + Cf (v)]
}
,
κT =
4piCHα2sT 3
3
(
3
2 −
1
2v2 +
(1− v2)2
4v3 ln
1 + v
1− v
)
×
{
Nc[ln(T/mD) +Bb(v)] +
Nf
2 [ln(T/mD) +Bf (v)]
}
,
(28)
where CH = (N2c − 1)/(2Nc), Nf is the number of light
flavors, Bb(v), Bf (v), Cb(v), and Cf (v) are functions of
the heavy quark velocity [10], and mD is the Debye
screening mass, which is taken to be 1.5 T with T be-
ing the temperature.
In Fig. 6, red lines with filled and open triangles show,
respectively, κL and κT for collisions at τ = 0.5 fm/c
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FIG. 6: (Color online) κL (filled) and κT (open) of a mid-
rapidity bottom quark induced by collisions within a thermal-
ized QGP (triangle), and from coherent color fields (square) at
τ = 0.5 fm/c (upper) and 1.0 fm/c (lower) in central Au+Au
collisions at√sNN =200 GeV [35]. The saturation momentum
is taken to be 1.0 GeV, and αs = 0.3 for both collisions and
color Lorentz force.
and 1.0 fm/c in central Au+Au collisions at √sNN =200
GeV. Temperatures in Eq. (28) are obtained from
ε =
(
dg
30 +
7dq
120
)
pi2T 4, (29)
where dg = 16 and dq = 18 are respectively the degrees of
freedom of gluons and of light quarks. Energy densities
are 30 GeV/fm3 and 12 GeV/fm3, respectively, at τ = 0.5
fm/c and 1.0 fm/c from particle multiplicities in central
Au+Au collisions at√sNN =200 GeV [35]. They are com-
pared with κL and κT from coherent color fields, which
are shown as blue lines with filled and open squares. The
saturation momentum is taken to be 1.0 GeV, and αs =
0.3 for both collisions and color Lorentz force. Compar-
ing the diffusion coefficients from color fields and those
7from collisions, we find two qualitative differences:
• Firstly, κT from color fields is always larger than
κL, whereas the opposite relation holds for colli-
sions. Since κL is related to the drag coefficient
and energy loss of energetic heavy quarks, the co-
herent color fields are less effective for heavy-quark
energy loss when compared to collisions.
• Secondly, κL and κT from collisions increase with
the heavy-quark velocity, while those from color
fields decrease. Since fast heavy quarks have more
chance of colliding within the QGP and one colli-
sion has larger impact on it, κL and κT from col-
lisions increase with heavy quark velocity. On the
other hand, fast heavy quarks remain only during
a small amount of time within one color domain of
the transverse plane. It thus shortens the memory
time defined in Eq (9), and, as a result, κL and κT
from color fields decrease.
In the upper panel of Fig. 6 where τ = 0.5 fm/c, κT
from the color Lorentz force is larger than the one in-
duced by collisions, and the same holds true for κL up
to v = 0.74. In the lower panel where τ = 1.0 fm/c,
however, κT from the color Lorentz force is larger up
to v = 0.92, and κL up to v = 0.72. This shows that
as time increases, the diffusion coefficients from coherent
color fields become less important, compared to those
induced by collisions in relativistic heavy-ion collisions.
There are two reasons for that. In Eq. (27), κL and κT
from color fields are proportional to the energy density,
while those from collisions to T 3 or ε3/4 from Eq. (28)
and (29). Furthermore, κL and κT from color fields are
proportional to αs while those induced by collisions to
α2s. Therefore, coherent color fields are more important
for heavy quark diffusion in the initial stage of relativistic
heavy-ion collisions, where ε is large and αs is small. If
the saturation momentum decreases, then the transverse
size of the color-field domains grows and the effect of co-
herent color fields becomes stronger for a longer time.
Comparing the upper and lower panels of Fig. 6, we also
find that κL and κT from color fields are early overtaken
by those induced by collisions for fast heavy quarks, and
late overtaken for slow heavy quarks. Assuming that κL
and κT from color fields turn into those induced by colli-
sions as time increases, this suggests that initial coherent
color fields are early seen as individual gluons by fast
heavy quarks. This seems reasonable, because the den-
sity of glasma decreases in the rest frame of fast heavy
quarks.
Fig. 7 compares κL and κT from coherent color fields
and those induced by collisions in central Pb+Pb colli-
sions at 2.76 TeV. The saturation momentum and αs are
respectively taken to be 2.0 GeV and 0.3. κT from color
fields is larger than that from collision up to v = 0.89 in
the upper panel, and up to v = 0.79 in the lower panel.
On the other hand, κL from color fields is larger than
the one induced by collisions up to v = 0.69 and v =
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FIG. 7: (Color online) κL (filled) and κT (open) of a mid-
rapidity bottom quark from collisions within thermalized
QGP (triangle), and from coherent color fields (square) at
τ = 0.5 fm/c (upper) and 1.0 fm/c (lower) in central Pb+Pb
collisions at √sNN =2.76 TeV [36]. The saturation momen-
tum and αs are respectively taken to be 2.0 GeV and 0.3 in
both panels.
0.64 in the upper and lower panels respectively. Though
energy densities in Pb+Pb collisions at √sNN =2.76 TeV
are higher than in Au+Au collisions at √sNN =200 GeV,
coherent color fields play a less important roles in heavy
quark diffusion due to a larger saturation momentum.
V. SUMMARY
Heavy quark is a promising probe for the properties of
the hot dense nuclear matter created in relativistic heavy-
ion collisions. Though the interactions of heavy quarks
with thermalized hot dense nuclear matter have been ex-
tensively studied, the interactions before thermal equilib-
rium has been reached in relativistic heavy-ion collisions
8have barely been studied. According to the CGC model,
the initial nuclear matter is composed of strong coher-
ent color fields, which are initially highly anisotropic and
then presumably evolve towards an isotropic gluon gas.
In this study we have calculated the diffusion coeffi-
cients of heavy quarks induced by interactions with co-
herent color fields. Due to our lack of knowledge of the
correlation length of the color fields in τ and η directions,
our calculations were restricted to mid-rapidity heavy
quarks with rather large velocities. The coherent color
fields were modeled such that they initially follow the nu-
merical results from lattice calculations and then finally
become isotropic.
We then compared the diffusion coefficients with those
obtained from collisions within a thermalized QGP in
Au+Au collisions at √sNN =200 GeV, and in Pb+Pb
collisions at √sNN =2.76 TeV. From this comparison, we
have found a couple of qualitative differences between
diffusion coefficients from color fields and those from col-
lisions:
• Firstly, κT calculated from interactions with color
fields is always larger than κL for a mid-rapidity
heavy quark in relativistic heavy-ion collisions,
which is opposite to the conclusion one draws from
collisional interactions. Therefore, coherent color
fields are less effective for heavy-quark energy loss
than collisions.
• Secondly, κL and κT from color fields decrease with
increasing heavy quark velocity, while those from
collisions increase. The reason for decreasing dif-
fusion coefficients in color fields is that the time
during which a heavy quark remains in one domain
of color field decreases with increasing heavy quark
velocity, and the short stay reduces the correlation
of the color Lorentz forces.
We have also found that the contribution from coherent
color fields to heavy quark diffusion is important in the
early stage of relativistic heavy-ion collisions, because κL
and κT from color fields are proportional to ε and αs,
while those from collisions vary as ε3/4 and α2s.
As our study is restricted to fast mid-rapidity heavy
quarks, it would be very interesting to extend to heavy
quarks with small velocity or in forward and backward
rapidities. For this one would a priori just need the cor-
relation length of coherent color fields in the τ and η
directions.
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Appendix A: electric and magnetic field equality for
purely gluonic systems
To the best of our knowledge, the equality deduced at
the end of this appendix has yet to be written somewhere.
For completeness, let us roughly sketch its derivation.
Starting from the Classical Yang-Mills equations written
in a covariant form
1√−gD
ab
µ
[√−ggµαgνβF bαβ] = 0 , (30)
where g = detgµν , the covariant derivative being defined
from the gluonic fields as
Dabµ = δab∂µ − igAabµ , (31)
and the Maxwell-stress tensor being
F aµν = ∂µAaν − ∂νAaµ − ig[Aµ, Aν ]a . (32)
Placing ourselves in the Milne coordinate system
τ =
√
t2 − z2 η = 12 ln
t+ z
t− z , (33)
where the metric tensor reads
gµν = diag(1,−1,−1,−τ2) (34)
and defining as is usually done in this coordinate system
the electric fields as (here i runs on only on the transverse
spatial coordinates x, y)
Eia = τ∂τAai Eηa =
1
τ
∂τA
a
η , (35)
we get a constraint equation (Gauss’s law) by picking
ν = τ in Eq. (30)
DiE
i +DηEη = 0 , (36)
and three equations for the time derivative of the trans-
verse and longitudinal electric fields by pickingν = i, η in
Eq. (30)
∂τE
ia = τDabj F bji +
1
τ
Dabη F
b
ηi , ∂τE
ηa = 1
τ
Dabi F
b
iη .
(37)
Deriving the constraint equation (36) trivially leads to
Dabi ∂τE
ib +Dabη ∂τEηb −
ig
τ
EiaEia − igτEηaEηa = 0 ,
(38)
9and using the following relation between the covariant
derivative and the Maxwell-stress tensor
[Dµ, Dν ]a = − igF aµν , (39)
we get, by plugging Eq. (37) into Eq. (38)
τF axyF
a
xy +
1
τ
F aiηF
a
iη −
1
τ
EiaEia − τEηaEηa = 0 . (40)
Finally, defining as usual the magnetic fields as
Bηa = F axy , Bxa = F ayη , Bya = F aηx , (41)
we get
τBηaBηa + 1
τ
BiaBia = 1
τ
EiaEia + τEηaEηa . (42)
Given the metric form in Milne coordinate system (34),
one has
−EaµEµa = EiaEia + τ2EηaEηa . (43)
we therefore just proved that at all times (denoting the
spatial indices I = x, y, η), the following equality relates
the electric fields and the magnetic fields
EaIE
Ia = BaIBIa . (44)
Appendix B: electric and magnetic field relations in
the free-streaming case
Solving numerically the classical Yang-Mills equa-
tions [3], one finds that after some time
px ≈ py ≈ 2 pz ≈ 0 , (45)
where, calling
E2x =
EaxE
a
x
τ2
E2y =
EayE
a
y
τ2
E2z = EaηEaη ,
B2x =
BaxB
a
x
τ2
B2y =
BayB
a
y
τ2
B2z = BaηBaη , (46)
one has
 = 12
(
E2 +B2
)
, pi = − E2i −B2i . (47)
Given what we proved in the previous appendix, one has
the additional relation valid at all times
E2x + E2y + E2z = B2x +B2y +B2z . (48)
Equation (45) gives only two additional constraints on
the fields :
E2z +B2z = E2x +B2x + E2y +B2y , (49)
and
E2x +B2x = E2y +B2y . (50)
Combining Eq. (48) with Eq. (49)-(50) leads to the
following possible rewritting of the constraints
E2z = B2x +B2y B2z = E2x + E2y . (51)
Making the additional assumptions (that seems reason-
able after some time evolution, looking the numerical re-
sults of [3]) that
E2x + E2y = B2x +B2y
E2z = B2z , (52)
we get
E2z = E2x + E2y ,
B2z = B2x +B2y . (53)
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